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ABSTRACT 
This thesis presents an introduction to rough surface 
scattering and describes techniques that were used during 
the course of this project to measure and characterize elec-
tromagnetic scattering from a rough surface. An analytical 
model is described that accurately predicts the statistics 
of the measured scattering data. The CW measurement process 
that was used is described and scattering measurement re-
sults are presented. Calculated and measured statistical 
moments are compared in order to show agreement of measure-
ments with various statistical scattering models. Recommen-
dations for additional work in the area of measurement and 
analytical modeling of rough surface scattering are given. 
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INTRODUCTION 
The scattering of electromagnetic waves from rough sur-
faces has been investigated by numerous scientists and engi-
neers during the past 30 years. Notable contributors to the 
literature include Beckman and Spizzichino [l], Jakeman [2-
6], Goodman [7], Bahar (8, 9, 11], Wait [10], Barrick [11, 
13] and Davies [12]. 
Because of the complexity of performing a deterministic 
analysis of rough surface scattering, a great deal of the 
theoretical work on this subject has been devoted to statis-
tical treatments of the problem. Most analyses have dealt 
with either relatively high frequency scattering or rela-
tively low frequency scattering. The high frequency region 
is composed of those frequencies at which the surf ace rough-
ness size is significantly greater than the incident wave-
length. The low frequency region is composed of those wave-
lengths at which the surface roughness size is significantly 
smaller than the wavelength. A commonly cited measure of 
surface roughness is the so-called "Rayleigh Criterion" [l] 
that relates the mean surface roughness height, the angle of 
incidence and the angle of the reflected field with respect 
to the rough surface. This criterion was applied by Nacouzi 
[17] with the result that at 35 GHz, the surface that was 
viii 
used for this experiment meets the criterion for a rough 
surface. 
This research project was concerned with millimeter 
wave scattering at 34.3 GHz from a conductive, randomly 
rough surface. The experiment consisted of a gravel surface 
that was coated with a conductive paint, a derrick that sup-
ported a transmitter with the antenna fixed so that the 
transmitted energy was incident normal to the surface and a 
receiver that was mounted on a movable arm that was attached 
to the derrick that allowed the receiving antenna to be mov-
ed from normal incidence to grazing incidence. Measurements 
were always made in the plane of incidence. 
It is the intent of this report to describe the methods 
that were used to measure scattering, to present results of 
the scattering measurement and to show that measured results 
can be successfully related to an appropriate analytical 
model of the scattering process. 
ix 
CHAPTER 1 
ANALYTICAL DEVELOPMENT OF ROUGH SURFACE SCATTERING 
The research that is described in this report is a re-
port on the scattering of electromagnetic energy from rough 
surfaces. This subject has been studied by several authors 
and some of the results that have been published on this 
subject will be summarized in this section. 
Electromagnetic Scattering from a Rough Surface 
Beckman And Spizzichino (1) presented the general 
Kirchhoff solution for the scattering of plane waves in 
Cartesian space. The scattering geometry is shown in Fig-
ure 1. This surface is described by the function 
Z = Z(x) 
which is one dimensional in x for simplicity. As seen in 
Figure 1, scattering is only considered in the plane of in-
cidence, again for simplicity. The scattered field at an 
observation point (p) is given by the Helmholtz integral as 
1 
Es ( p ) = )) a l/J {E-
4 7r s an 
where S is the rough surf ace 
E is the total electric field 
n is the normal to the surf ace 
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AND l/l = 
We will let P move into the far field so that we are 
dealing with plane scattered waves. It is seen from Figure 
1 that 
AND 
If we assume that the surface is perfectly conducting, 
then it can be shown that a scattering coefficient that is 
given as 
p = 
where Es is the field scattered from the rough surface; 
Ess is the field reflected in the direction of specular 
reflection (81 = 82> by a smooth perfectly conducting plane 
with the same general conditions as the rough surface 
can be derived to have the form 
= sec e 1 [ 1 +cos ( e 1 + e2 )) )e~p r i~ 'Tr [ (sin e 1 - sine 2 ) x l d x 
P 2 L ( cos e 1 + cos e 2 ) - L - ( cos e 1 + cos e 2 ) z ( x ) l 
4 
where L is the half length of t he surface and L>>A. 
The expression shown above gives a quantitative expres-
sion for the scattered field in one dimension. This can be 
extended to a surf ace that i s rough i n two dimensions by de-
fining a two dimensional surf ace roughness and integrating 
in the other dimension. This trea tment serves to illustrate 
the complexity of calculating the s cat t ered field from a 
rough surface. It does not appear to be practical to use a 
deterministic model for the surf ace scattering because of 
the lack of a general function Z(x,y> that describes the 
characteristics of a randomly rough s urface. Another ap-
proach that has been taken by other researchers is to char-
acterize the scattering from a r o ugh s u r f ace as either one 
of two types: scattering from a v e ry rough surface and 
scattering from a slightly rough s u r f ace. The commonly used 
method for differentiating between these two phenomena is to 
use the Rayleigh criterio n. As described by Nacouzie, [17] 
the criterion is stated s uch t hat the surface is considered 
smooth if 
a<---
8 sin (} 
where a is the standard deviation of the surface height 
A is the radiation wavelength; 
e is the specular angle of incidence and reflection. 
5 
This application of the Rayleigh criterion is supported 
by discussion that is given by Davies [12]. According to 
the results that are reported by Nacouzie [17], who worked 
with the same surface that was used for this research proj-
ect, the gravel surface that was used for this project is 
classified as a rough surface by the Rayleigh criterion. 
There is a class of rough surfaces that is composed of 
randomly sized and randomly oriented flat areas. This type 
of surface is referred to as a faceted surface. The gravel 
surface that was used for this experiment was largely a fac-
eted surface because of the characteristics of the gravel 
that was used. Since the receiving antenna footprint cover-
ed a small area of the total surface, it is feasible to 
simulate the scattering from this surface as the sum of a 
discrete number of scatterers. This approach was taken by 
Jakeman and Pusey [2] in order to explain non-Rayleigh 
statistics that were observed in radar cross section 
measurements of sea surfaces. The scattered field is 
represented as 
E (r,t) = e 
jwt N 
L 
i = 1 
j¢. (r,t) 
Ai(r,t)e 1 
where N is the number of scatterers; 
Ai<r,t) is an amplitude factor that relates the angular; 
distribution of radiation from the ith scatter 
¢i(r,t) is a phase factor that relates phase for the 
individual scatterers as a function of time and position. 
One method of determining the Ai is to use the physi-
cal optics approximation for scattering from a square flat 
plate. The radar cross section from each plate or facet is 
then given as 
A i (A, e } = 
1T 
sin2 Q'. sin2 ( 2- e ) 
Q'.2 
whe re 
271' b 
Q'. = sin e 
A 
b is the width of the facet; 
A is the wavelength of the incident radiation; 
e is the angle between the surface normal of the facet and 
the line of sight vector. 
This approach results in a model that can be simply related 
6 
to the scattering geometry. Measurements of surface statis-
tics can give a statistical distribution for facet dimen-
sions and facet angular orientation. Surface statistics for 
the gravel surf ace that was used for this project are pre-
sented in Chapter 3. 
Stochastic Scattering Models 
Jakeman and Pusey [2] note that a probability distri-
bution cannot be evaluated analytically for arbitrary prob-
ability distribution functions of the general Ai that are 
discussed above. They propose that a useful statistical 
model for this problem is the K-distribution which has a 
density function that is given as 
2b ba v+1 
P { a, r ) = { -) K { b ) > - 1 v a , v 
r(1+v) 2 
with moments defined as 
2 2n n I 
= (b) r(1+v) r(n+v+1) 
where Kv Cba) is the modified Bessel function; 
b and v are functions of the line of sight vector r. 
The radar cross section distribution for scattering from a 
faceted rough surf ace can be established analytically and 
statistical moments for this distribution are given as 
< a n > = (~) 2n 
b 
r (n + M) 
r(M) 
where n is the order of the moment; 
M and b are parameters of the distribution. 
This results in a mean of 
7 
2 2 
< a > = (-) M 
b 
and a normalized variance of 
< a2 > 
2 = 
< a > .. 
2 
2 +-
M 
It is possible t o calculate moments for a K-distribution 
model of surface s catter ing f rom a set of measured data. 
This was done for data th a t were measured during the course 
of this project by calculating t he normalized variance for 
measured data. The parameter s b and M were next calculated 
from the expresions for mean and variance that are given 
above. Higher order K- distri bution moments were then cal-
culated for comparison with c a lcu lated moments for the 
measured data. The results o f these calculations are sum-
marized in Chapter 3. 
Jakeman [3] notes th a t gamma distribution are often 
used for modeling detectio n p rocesses for various types of 
electromagnetic measureme nts. For the general case of an 
integrated intensity 
E ( t ) I ( t ) d t 
8 
it has been s hown t hat a probability density function of the 
f o r m 
a E a-1 
P(E)=a( ) 
<E> 
-a E 
exp(---
<E > 
<E>r (a) 
a, E > 0 
can be used to accurately model the detection of gaussian-
distributed electromagnetic energy. Jakeman [3] points out 
that when the parameter a satisfies the relationship 
n 
a--
2 
where n is an integer, 
then the integrated intensity, E, can be interpreted as re-
9 
sulting from a random walk in n dimensions. The approach of 
working with integer and half-integer values of a has re-
ceived most of the attention that has been directed toward 
this area. Jakeman [3] has also derived a model that allows 
arbitrary values of a to be used. The resulting probability 
distribution has a normalized variance of 
<12> 
--2 = 
<I> 
-1 1 + a 
and higher order normalized moments of 
<I"> 
<I>" 
= 
a -n r ( n +a) 
r (a) 
There is justification for using an approach of this 
type to model the surface scattering phenomena that were 
10 
investigated during the c o urse o f this project because of 
the fact that the microwave meas u rements are integrated in-
tensity measurements. The bea mwidt h of the receiving antenna 
was broad enough such that the 3 d B footprint of the antenna 
on the surf ace was greater tha n 1 0 wave l engths in diameter 
and contained numerous scatters. The a ntenna effectively 
integrated the field that was scattered from the surface 
footprint area and this integrated q ua ntity was measured by 
the waveguide crystal detector which is a square law device. 
During the course of this project, it was fo und t hat the 
integrated gamma distribution moments matc hed the measured 
moments with a high degree of precision. These results are 
presented in Chapter 3. 
It was found that it was not po ss ible to eliminate all 
of the background interference that occ ur red in the measure-
ments. Steps were taken to reduce the backg round, as describ-
ed in Chapter 2, that significantly reduced the background. 
An effort was made to model the data con tami nation that re-
sulted from the background levels . It was felt that this 
could potentially produce even be t t er agreement between meas-
ured and calculated moments. A ge nera l ized n-distribution 
has been derived by Phillips a nd Andrews [18] that allows 
background interference to be mode l ed as a constant additive 
term that is present in the measured data. The moments of 
the generalized n distri bu t i on h ave the form 
< I"> 
n 
< I> 
where 
= 
1 n 
~ 
( m + mr) n k = o 
1 
m =--
a-1 
n ( ) 
k 
r (m+n) 
r (m+k) 
( 1 + r )2 x - r 2 
a = 
2r 2 +1 
< I 2> 
x = 
< I>2 
k 
( mr) 
11 
r is the ratio of the c o ns tant background intensity level to 
the intensity of the energy scattered from the surface. 
Calculated moment s for t h e generalized n-distribution 
are presented in Chapter 3 . 
CHAPTER 2 
THE MILLIMETER WAVE MEASUREMENT SYSTEM 
I n order to e valuate the feasibility of conducting this 
experiment, a thorough evaluation of the experimental test 
set and the s urf ace was conducted. This section describes 
the results of thi s e val uation and describes the procedures 
that were used as wel l as some of the problems that were 
encountered. 
Measurements of r o ugh s u r f ace scattering were made with 
a remotely controlled , mo va ble derrick that contained the K 
band transmitter and rece i ver. This derrick was moved over 
a gravel surf ace and was gu ided by aluminum channels that 
were positioned along either side of the 240" x 24" rough 
surface. Figure 2 illus t ra t es the various parts of the 
measurement test set. The major components are the gravel 
bed, the derrick with t ran s mitter and receiver and motorized 
drive, and the me a sur ement and control instrumentation. 
Figures 3 a nd 4 show t he derrick located at one end of the 
rough surface wi th t he receiving antenna positioned at a 
bistatic angle o f 0° Cmonostatic position). Figure 5 shows 
the derrick with the r eceiving antenna adjusted to a 60° 
b i static angle. The transmitter platform was fixed to the 
de r r ick and the receiver antenna and detector were mounted 
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Figure 3. The Measurement Derrick Shown Positioned Over Gravel Surface 
1 5 
Figure 4. A Close-Up of the Measurement Derrick 
. ~, 
.._ . 
. ... . 
~ t . ~ · 
Figure 5. The Measurement Derrick Shown With the Receiving Antenna 
Adjusted to a 60° Bistatic Angle 
1 6 
17 
on a movable swing-arm that allowed measurements at bistatic 
angles from 0° to nearly 90°. The derrick was powered by an 
on-board SCR-controlled motor that allowed the measurement 
set to be moved horizontally from one end of the surface to 
the other end. The antennas were both mounted so that each 
antenna was always located 36" from the illuminated area of 
the surface. 
The surf ace was composed of ballast stones that had 
been selected by using a seive that passed rocks in the .5" 
to .75 .. size range. The stones were coated with a conduc-
tive copper paint that provided a surface resistivity of 
approximately one ohm per square after the paint had been 
applied to the rocks. The rocks were placed on the wooden 
surf ace of the test bed in a layer that was approximately 
24" wide, 240" long and 2" thick. The rocks were packed 
with a horizontally positioned wooden board in order to 
maintain a constant mean surface height. 
Figure 6 shows a close-up view of the transmitter and 
receiver instrumentation. Important features of this in-
strumentation package include the klystron transmitter 
source, transmitter precision attenuator, transmitting an-
tenna, receiving antenna, receiver precision attenuator and 
receiver crystal detector. The klystron is an OKI 35Vll 
klystron that is rated at 400 mW output power. This corre-
sponds to a power level of 26.0 dBm. For the purposes of 
this analysis, it is assumed that the transmitted power 
18 
Figure 6. A Close-Up View of the ~F Measurement Instrumentation 
19 
level was 26 dBm. The isolation attenuator introduced ap-
proximately 3 dB of isolation so that the net transmitted 
power level was approximately 23 dBm. The klystron is con-
trolled by an FXR Z815B klystron power supply. The klystron 
frequency was tuned to 34.3 GHz with a calibrated frequency 
meter for maximum power output. The transmitting antenna 
that is shown is a Microwave Associates standard gain horn 
which has a 25 dB gain at 34.9 GHz with an aperture dimen-
sion of 2.25" x 2.75. Both the transmitter and the receiver 
attenuators were variable flap attenuators that contained a 
slotted waveguide section with a matched resistive strip 
insert. The attenuators provided 0 to 20 dB attenuation. 
The transmitter attenuator was used for isolation between 
the klystron and the transmitting antenna. The receiving 
attenuator was used to control the received signal so that 
the crystal diode receiver was always operating in the lin-
ear range of the diode. The receiver antenna had an aper-
ture dimension of 3.7S." x 5" and a calculated gain of 30 dB 
so that it provided relatively high gain and a narrow beam 
width for the receiver. The relatively narrow beam width 
was important to this experiment because of the fact that it 
allowed the receiver to look at a uniformly illuminated por-
tion of the surface and because of the fact that it was de-
sired that the number of scatterers in the field of view of 
the receiver be kept to a relatively small number. This was 
necessary in order to maintain similarity between this 
20 
experiment and the analytical scattering model that was used 
to interpret the results of these measurements. The receiv-
er was an HP R422A crystal detector. The output from the 
crystal detector was amplified and fed into the MINC-11 com-
puter controlled measurement system that is shown in Figure 
7. The output was then stored on floppy disc by the PDP 11 
computer-controller. Data was processed on the PDP 11 and 
on a VAX 11/780 computer after the data was taken. Data 
processing procedures included raw data plotting, statisti-
cal moment calculations, autocorrelation calculations and 
plotting of moments and autocorrelation results. 
Krause (16] gives some approximate relationships for 
antennas. The so called "Far Field Criterion" for two 
antennas is given as 
R =---
where R is the range; 
D is the maximum aperture size; 
A is the wavelength in the transmitting medium between the 
antennas. 
By using this relationship, we see that the far field cri-
terion for a 5" aperture is 148" at 35 GHz. For a 2.75" 
aperture, the criterion is 45". It is noted that the far 
field criterion is sometimes also defined as 
21 
•r-
Ll... 
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R=---
This reduces the range by a factor of two. When we 
consider that the propagation path length between the trans-
mitting and receiving horns is 72", it is found that it is 
reasonable to assume that the antennas that were used for 
this experiment are positioned so that the far field crite-
rion is observed. The half power beamwidth for a rectangular 
antenna is given as 
51 i\ 
D 
Simple geometry shows that the area of the surface that is 
illuminated within the half power beamwidth (or the foot-
print) has a radius of 
r = R tan e 
where r is the radius of the illuminated surface area; 
R is the range from the antenna to the surface; 
e is the half power beamwidth of the antenna. By using 
these relationships, we are able to calculate parameters for 
the antennas that were used in this experiment. These 
parameters are given in Table 1. 
Aperture 
Size 
(in) 
2.1 
2.75 
5.0 
TABLE 1 
ANTENNA SCATTERING PARAMETERS 
Distance Radius of 
from Half Power Surf ace 
Surf ace Beamwidth Footprint 
(in) (deg) (in) 
36 8.2 5.2 
36 6.3 4.0 
36 3.5 2.2 
23 
Gain 
(dB) 
24 
26 
30 
From this analysis, we see that the illuminated area is well 
within the limits of the gravel bed width and that the re-
ceiving antenna footprint is well within the transmitting 
antenna footprint. It is therefore expected that uniform 
illumination is obtained over the measured portions of the 
surface. 
The system sensitivity that is required for accurate 
measurements is determined by the individual components of 
the system, the distance of the receiving and transmitting 
antennas f rorn the surface and the scattered power levels 
from the surface. In order to estimate the surface scatter-
ing levels, a sample of gravel was tested from 2 to 18 GHz. 
Even though this project was conducted at 35 GHz, it was 
felt that the higher frequency (12-18 GHz) results that were 
obtained would give an indication of the scattering levels 
that would be encountered at 35 GHz. The scattered power 
levels from the surf ace were estimated by testing a sample 
of the gravel in an RF reflection measurement facility. 
This facility consists of an anechoic chamber with broadband 
24 
transmit and receive horns mounted in the ceiling and a sty-
rofoam sample mounting platfo rm embedded in the pyramidal 
absorber on the floor of the cha mber. Swept frequency in-
strumentation measures and reco rds the reflections from a 
sample (usually a flat panel) fro m 2 to 18 GHz. A 12" x 12" 
flat metal plate is normally used a s t he reflection refer-
ence. The gravel was placed in a s h a llow box with a 12" x 
12" interior size that was made out of styrofoam. The sty-
rofoam is essentially invisible at the 2 to 18 GHz frequen-
cies that are used for measurements in thi s facility. The 
reflection levels from the gravel were then measured, refer-
enced to a 12" x 12" flat plate and recorded. The test was 
conducted at several different orientations of each sample 
and with several different sample s th a t we r e formed by re-
arranging the gravel in the box. The samples were measured 
both with and without a metal base plate in the sample box 
in order to determine if the energy was be ing transmitted 
through the sample. Figure 8 shows a representative set of 
data that was taken for a gravel sample. Two rotational 
positions of the gravel box on the samp le platform are re-
ferred to as 0° and 90°. These data are representative of 
all the data that were taken, and i t is observed that an 
average level of 20 dB was measured i n the 10 to 18 GHz fre-
quency range. On the plot, REFLECTI ON refers to the amount 
by which the sample is l ower in scattered power than the 12" 
x 12" reference metal plate . The chamber background is 
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plotted as indicated and it is noticed that in the 14 to 
18 GHz range, the measured data "runs into the background." 
This increase of background at the higher frequencies is 
caused by increased losses in the coaxial transmission lines 
that were used for this experiment. This same experiment 
was later run over the 8 to 18 GHz frequency band as shown 
in Figure 9 with a TWT power amplifier that increased the 
output power by roughly 100 times. This resulted in a much 
lower background because of the fact that with more trans-
mitted power the system sensitivity was not decreased by 
losses in the coaxial transmission line. The high frequency 
response of the sample was found to be roughly the same as 
the 8 to 14 GHz response shown in Figure 8. This indicates 
that the scattering levels are approximately uniform in the 
8 to 18 GHz range. Figure 10 shows data that were measured 
for a sample with a metal ground plane placed in the box 
beneath the sample. Again, numerous data sets were taken 
and this plot is representative of the results that were 
obtained. If we compare Figure 10 to Figure 8, we see that 
they are very similar except at the lower frequencies. In 
both plots, the average scattering levels are in the 20 dB 
range for the higher frequencies. The higher levels that 
are observed at the lower frequencies in Figure 10 are due 
to the fact that at the lower frequencies the energy is 
transmitted through the rocks and reflected from the metal 
plate back through the rocks to the receiver. The point of 
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this discussion is that at the higher frequencies it appears 
that all of the energy is reflected by the rocks and is not 
transmitted. Therefore, when we make our measurements at 
the higher frequencies we do not have to worry about a corn-
ponent of the incident field being transmitted through the 
surface. Because of the relatively constant average levels 
that are measured in the 8 to 18 GHz range, for the purposes 
of this analysis, it will be assumed that the surface has an 
average reflection coefficient of -20 dB at 35 GHz. 
One more consideration is needed before we can calcu-
late the sensitivity of the 35 GHz receiver. The propaga-
tion loss (or space loss) from the transmit antenna to the 
surface to the receive antenna must be calculated. The 
attenuation due to space loss can be expressed as 
Ci Sp= (-d) 22d8+201og 'A 
where a sp is the space loss attenuation; 
d is the distance; 
Ais the wavelength of the transmitted energy. 
We now have enough information to calculate the signal 
margin for the equipment that we are using. The results of 
this calculation are given in Table 2. 
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TABLE 2 
SIGNAL MARGIN CALCULATION RESULTS 
Transmitter power +23 dBm 
Transmit antenna gain +25 dB 
Transmit space loss -34 dB 
Surface reflection loss -20 dB 
Return space loss -34 dB 
Receive antenna gain +30 dB 
Signal margin -10 dBm total 
The receiver consisted of a Hewlett-Packard R422A wave-
guide crystal detector. The square law response for this 
detector is shown in Figure 11. In order to stay within 
this range, the maximum scattering levels were measured for 
each test and the receiver attenuator was adjusted so that 
the maximum scattering levels did not produce an output 
voltage from the crystal detector that exceeded 5.0 mV. If 
we assume that we can measure voltage down to the 5 micro-
volt levels shown in Figure 11, then we effectively have a 
signal margin of 30 dBm with a 30 dB dynamic range over 
which we can obtain a linear receiver response. 
After this analysis was performed, it was then nec-
essary to see if the signal levels could be accurately 
measured and recorded. Several problems were encountered 
during the process of putting together a system that would 
have the sensitivity that was required for this experiment. 
Initially, the preamp system that is part of the MINC-11 was 
used in an attempt to measure the crystal detector output. 
It was found, however, that the high impedance output of the 
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crystal detector was a poor match for the low impedance pre-
amp input. There was an abundance of 60 cycle and 100 KHz 
noise that made it impossible to measure signals at levels 
below 40 mV. At low signal levels there were also grounding 
problems which were difficult to control. As a result of 
these problems, a two-stage high gain amplifier was built 
for this experiment. This amplifier served as a buffer be-
tween the crystal detector and the MINC-11 A/D converter, it 
filtered out the high frequency noise above 20 Hz and it 
provided a gain of approximately 840. This amplifier effec-
tively allowed signals down to .05 mV to be accurately meas-
ured. The effective dynamic range of the measurement was 
therefore 100 or 20 dB since the maximum voltage that could 
accurately be recorded from the crystal detector was 5 mV 
because of the square law characteristics of the crystal re-
ceiver. The amplifier was also totally isolated from the 
environment by enclosing it in a metal chassis box, by using 
shielded coaxial cable for input and output and by using a 
dual 9V battery power supply with the batteries contained in 
the chassis box along with the amplifier. Further informa-
tion regarding the amplifier is given in Appendix I. 
The amplified signal was input to the MINC-11 A/D con-
verter. The MINC-11 is controlled by a PDP 11/03 computer. 
The signal was sampled by the MINC-11 at the rate of 125 
samples per second and the resulting data was stored on 
floppy discs by the PDP-11 computer. This data was later 
processed on the PDP-11 and it was transferred to a 
VAX 11/780 for further processing. 
After the measurement sensitivity was increased to a 
suitable level, measurements were recorded for the first 
time. 
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As is usually the case with CW measurement schemes of 
this type, it was found that there was a microwave "back-
ground" problem. This problem occurred because of the scat-
tering of energy from the surface to surround i ng structure 
that was then scattered back to the rocks and then back to 
the receiving antenna. The first measurements appeared to 
have a de component. Figure 12 shows a representative data 
set. This data represents the receiver output voltage that 
is measured as the derrick is moved from one end of the sur-
face to the other end. It was found that the first data set 
was contaminated by high background levels. Background 
problems are inherent in most CW measurement systems. The 
background levels were reduced by treating the receiver horn 
and the structure of the measurement test bed. Figure 6 
shows the receiver horn after treatment with Emerson & 
Cuming AN-72 RF absorber. Figure 13 shows a measurement 
data set that was taken after the absorber treatments were 
made. The reduction in background levels is apparent when 
compared to Figure 12. Covering the receiving antenna with 
absorber reduced the background because an absorber covered 
horn generally has a narrower beam width and extraneous 
2
.5
 
s c 
2.
0 
A T T E R
 
1.
 5
 
E D
 p 0 
1.
 0
 
w
 
E R
 
e.
s 
0
.0
 
Fi
gu
re
 1
2.
 
0 
20
0 
40
0 
60
0 
80
0 
10
00
 
TI
M
E 
A
 S
ur
fa
ce
 S
ca
tte
ri
ng
 M
ea
su
re
m
en
t 
th
at
 w
as
 
m
ad
e 
be
fo
re
 b
ac
kg
ro
un
d 
re
du
ct
io
n 
(S
ur
fac
e 
po
si
tio
n 
in
 f
ee
t 
is
 e
qu
al
 
to
 
.
00
8 
*
 
Ti
m
e) 
w
 
ti:
. 
5.
00
 
s c A
 
4
.
0
e 
T E R
 R
 I 
3.
00
 
N
 
G
 p 0 
2
.
a
0 
w
 
E R
 
1.
 0
0 
0.
00
 
I 
I 
!i 
I 
I 
I 
I 
I 
/ 1
 
I 
! 
' I 
I 
I 
i 
l 
l 
~ 
I 
11 
I 
! 
! 
I 
I 
I 
~ 
~ 
I 
I 
i 
r 
: ! 
I I 
j 
I 
tl1 
J 
' 
~ 
\ ~ ~
 i 
I 
Vi~ 
~r 
I 1
 
\ 
\ 
u
 
~ 
1~ 
~ 
Uu 
~ 
0 
15
6 
31
3 
46
9 
62
5 
78
1 
93
8 
10
94
 
12
50
 
TI
M
E 
Fi
gu
re
 1
3.
 
A
 S
ur
fa
ce
 S
ca
tte
ri
ng
 M
ea
su
re
m
en
t 
th
at
 w
as
 
m
ad
e 
a
ft
er
 r
e
du
ct
io
n 
o
f 
th
e 
RF
 b
ac
kg
ro
un
d 
le
ve
l 
(S
ur
fac
e 
Po
si
tio
n 
in
 f
ee
t 
is
 e
qu
al
 
to
 
.
00
8 
*
 
Ti
m
e) 
w
 
U
l 
36 
energy is not as easily picked up in the antenna sidelobes. 
Secondly, sheets of AN 72 absorber were placed on the inside 
"legs" of the derrick in order to minimize scattering from 
the surface to the ' derrick and back. The placement of ab-
sorber can be seen in Figure 4. This action produced an-
other considerable reduction of the background. The resul-
tant background levels were relatively low and this helped 
to produce high integrity scattering measurements. 
A typical measurement procedure can be described as 
follows. First the equipment was turned on, adjusted and 
allowed to stabilize. The derrick was then moved several 
times from one end of the surf ace to the other end so that 
the peak scattering levels could be observed. The receiver 
and/ or transmitter attenuators were then adjusted so that 
the input signal power to the crystal detector was at a max-
imum that did not exceed the linear range of the diode. The 
derrick was then placed at one end of the surface. The MINC-
11 system was brought into action by running a computer pro-
gram that initialized the system and sampled the amplifier 
output at specified time intervals. The derrick was then 
moved at constant velocity to the other end of the surface 
while the PDP 11 sampled and stored the scattered field as 
measured above the rough surface. Typically, 10 or more 
repetitions of a particular measurement were made. Each 
measurement collected 2500 samples so that each set collect-
ed 25000 or more samples. After a set was complete, the 
bistatic angle of the receiver antenna was changed. Meas-
urements were taken in 10° increments from 0° to 80°. Data 
were stored and processed after a series of measurements 
that usually consisted of a full night's work. 
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CHAPTER 3 
STATISTICAL ANALYSIS OF MEASURED DATA 
Su rface Height Data 
Surface hei ght f o r the gravel surface was measured by 
using a comb-like depth gauge. This device consists of an 
aluminum bar tha t c onta in s 299 equally spaced metal pins. 
The pins are . 040" in diameter and are spaced .060" apart. 
The pins move vertically, a nd t hey can be fixed at a given 
position by means of a tension bar that presses against the 
pins. A typical height mea s ureme nt was made by placing the 
device on the surf ace and allowing the pins to fall into 
place along the contour of the s ur f ace . The pins were then 
constrained and the device was r emo ved from the surface. 
The height of the pin from the fl a t bottom surface of the 
device was then measured with a r uler. This process was re-
peated 15 times at different s urface locations so that 15 
independent samples of the s urface height were obtained. 
Figure 14 shows the data that were collected for one of the 
height measurements . 
Because o f p r oble ms with the first three surface data 
sets, o n ly the l as t 1 2 set s were used for statistical calcu-
latio ns. Thi s p rovided a total of nearly 3600 points that 
could be u s ed to ca l culate surface statistics. Surface 
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slopes were calculated for a ll o f the data sets. The sur-
face slope is given as 
~y 
M = -
where ~Y is the change in surface height; 
AX is the change in lateral position along the surface 
{ con st ant = . 0 6 0 " ) . 
The distribution of surface slopes a s a function of cumula-
tive facet length is shown in Figure 15. The facet length 
was calculated as the distance between s uccessive measured 
surface data points. The facet length is g iven as 
Li = j, x i + 1 - Xj l2 + ( y i + 1 - y i l2 
where Xi and Yi are the coordinates of the ith surface 
points; 
Xi+l and Yi+l are the coordinates of the next surface point 
after the ith position. 
The lateral positions of the surface points were fixed by 
the measurement device at .060" intervals. The above equa-
tion therefore reduces to 
The data that are shown in Figure 15 were prepared by calcu-
lating t he slope and length between each pair of measured 
c 
u 
M 
F 
A 
c 
E 
T 
L 
E 
N 
G 
T 
H 
* 
c 
M 
41 
0 2 4 6 8 10 12 14 16 
SLOPE 
Fisure 15. A Frequency Plot of the Measured Surface Slope 
surf ace points and then sorting and accumulating surface 
lengths according to slope. Each pair of points is viewed 
as constituting a facet or flat area of the rough surface. 
The facet lengths were accumulated in slope bins of .2. 
42 
This seemed to be an optimum accumulation size that allowed 
enough data to collect in each bin to give a continuous dis-
tribution while still maintaining as much resolution as pos-
sible along the slope axis. The distribution that is shown 
in Figure 15 shows that most of the surface length is in the 
small slope range with the maximum occurring at 0 slope 
which corresponds to a horizontal orientation. This feature 
is obvious in the data that are shown in Figure 14. It is 
seen that most of the surface slopes are in the near hori-
zontal slope region. This is explained by the fact that the 
surf ace was packed and smoothed with a flat board in order 
to produce a uniform mean surface height across the entire 
surface. Another feature of the distribution that is shown 
in Figure 15 is that the shape of the distribution appears 
to be gaussian. This was verified by plotting the cumula-
tive facet length that was calculated as a function of sur-
face slope. The facet length was accumulated continuously 
and plotted as a percentage of the total accumulated facet 
length for the surface measurements on probability paper. 
The results of this process are shown in Figure 16. The 
nearly complete linearity of the data points demonstrates 
that the distribution of surface facet length as a function 
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of surface slope is a gaus s i a n dis t ribution. Statistical 
moments for the facet length distri bution and the facet 
slope distribution were calculated from the measured surface 
height data. These moments are plotted in Figures 17 and 
18. Further information regarding t he size and volume of 
the individual ballast stones that were used for this 
experiment is reported by Nacouzie [17 ] . 
Electromagnetic Scatter i ng Data 
Over 160 sets of RF measurements were made during the 
course of this project. These measure me nt s were made over a 
range of bistatic scattering angles from 0° to 80° in 10° 
increments. Because of system noise, mi crowave background 
and other instrumentation problems tha t were encountered 
during the course of this experiment, it i s fe l t that the 
last 40 sets of data that were taken are the o n ly data sets 
that should be considered for comparison s wi t h data that are 
calculated with statistical scattering mode l s. These meas-
urements were made with a 2.11" transmitti ng antenna and a 
2.75" receiver antenna. This series o f measurement s con-
sists of 20 data sets that were t a ke n a t a 0° Cmonostatic) 
receiving antenna orientation and 1 0 data sets each that 
were taken at 30° and 60° bistati c ang l es . Statistical mo-
ments were calculated by accumula t ing all of the data points 
at each angle and generating t he moments with a computer 
program. Results of these calculations are shown in Table 3 
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and Figures 19 through 24. It can be seen that the inte-
grated gamma distribution moments give good agreement for 
the third, fourth, fifth and sixth moments when compared to 
the measured moments. It was found that the K-distribution 
did not accurately predict the higher order moments for the 
scattering measurements that were made during this project. 
Because of the relatively good agreement between the third 
and fourth order measured statistical moments and the K-
distr ibution moments, the researcher felt that other types 
of distributions that are based on the gamma function could 
be applied to this problem. The K-distribution moments are 
seen to quickly diverge toward higher values in the fifth 
and higher order moments. The integrated gamma moments 
maintain good agreement with the measured statistical mo-
ments at 0°, 30° and 60° receiving antenna angles. This is 
interesting because of the fact that the nature of the scat-
tering must be different at 0° than it is at the 60° angle. 
This observation follows from the fact that the surf ace 
slopes are heavily weighted toward the horizontal orienta-
tion and that surfaces tend to exhibit quite different scat-
tering characteristics for normal incidence backscattering 
as compared to obtuse bistatic angles. It should be noted 
here that the mean scattering levels generally decreased as 
the bistatic angle between the transmitting and receiving 
antennas increased. In order to maintain the maximum signal 
to noise ratio within the linear region of the receiver, the 
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receiver attenuator was adjusted at each angle to give about 
the same output for the peak scattering levels that were 
measured across the surface. This is the reason that the 
mean scattering levels in Table 3 are roughly equivalent. 
Values of the a parameter that were calculated for the inte-
grated gamma distribution are given in Table 4. These val-
ues indicate that a is not a half integer multiple. The 
values that are calculated are all fractional integer values 
that are interpreted by Jakeman [3] as representing a random 
walk in a fractional number of dimensions. 
Statistical moments for the generalized n-distribution 
were also calculated and are given in Table 5 (a) through 
{c). The parameter r is the ratio of background noise to 
scattered power from the surface. It was thought that this 
model would yield better results by allowing an adjustment 
for the RF background. Best agreement is seen to occur for 
values of r that are either 0 or .01. This would seem to 
indicate that this distribution does not accurately model 
the RF background problem because of the fact that the 
generalized n-distribution gives the same result as the 
integrated gamma distribution when r = 0. 
TABLE 3 
MEASURED AND PREDICTED STATISTICAL SCATTERING MOMENTS 
Bistatic 
Scattering 
Angle 
30° 
60° 
Order 
of 
Moment 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
Measured 
Moment 
Value* 
.855 
1. 840 
5.127 
18.50 
77.76 
358.2 
1747.0 
.867 
1. 814 
4.744 
15.56 
59.09 
247.8 
1112.0 
.852 
1. 792 
4.841 
16.85 
68.50 
307.8 
1481.0 
Calculated 
Integrated 
Gamma 
Moment 
Values 
4.834 
17.08 
74.67 
389.0 
2353.0 
4.674 
16.15 
68.91 
350.0 
2062.0 
4.541 
15.39 
64.30 
319.5 
1840.0 
Calculated 
K-
Distr ibution 
Moment 
Values 
4.70 
19.96 
112.7 
809.2 
7170.0 
5.08 
22.53 
134.05 
1022.0 
9666.0 
4.96 
22.18 
133.9 
1041. 0 
10082.0 
*All moments except for the first are normalized by 
the mean value (first moment) 
55 
TABLE 4 
CALCULATED PARAMETER VALUES FOR USE 
IN THE INTEGRATED GAMMA DISTRIBUTION 
Measured Calculated 
Scattering Normalized Parameter 
Angle Variance Value 
oo 1. 84 1.19 
30° 1. 814 1. 23 
60° 1. 792 1. 26 
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TABLE 5 (a). 
CALCULATED N-DISTRIBUTION MOMENTS FOR MEASURED 
SCATTERING DATA TAKEN AT 0° BISTATIC ANGLE 
GENERALIZED N-DISTRIBUTION MOMENTS 
MOMENT 2 = 1. 84000 
= 0.00000 R = 30.000-03 
MOMENT 3. = 4.8343+00 MOMENT 3. = 5.5180+00 
MOMENT 4.= 17.082+00 MOMENT 4.= 21. 267+00 
MOMENT 5. = 74.669+00 MOMENT 5.= 102.00+00 
MOMENT 6 -. 389.01+00 MOMENT 6.= 585.36+00 
MOMENT 7 -. 2.3529+03 MOMENT 7 -. 3.9107+03 
R = 10.000-03 R = 40.000-03 
MOMENT 3 -. 5.0685+00 MOMENT 3 .= 5.7436+00 
MOMENT 4.= 18.472+00 MOMENT 4.= 22.715+00 
MOMENT 5.= 83.472+00 MOMENT 5.= 111.97+00 
MOMENT 6.= 450.20+00 MOMENT 6.= 660.99+00 
MOMENT 7 -. 2.8221+03 MOMENT 7 -. 4.5457+03 
R = 20.000-03 R = 50.000-03 
MOMENT 3.= 5.2908+00 MOMENT 3 -. 5.9668+00 
MOMENT 4.= 19.841+00 MOMENT 4.= 24.179+00 
MOMENT 5.= 92.438+00 MOMENT 5.= 122.29+00 
MOMENT 6.= 514.70+00 MOMENT 6 -. 741. 31+00 
MOMENT 7 ~ . -" 3.3338+03 MOMENT 7.= 5.2378+03 
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TABLE 5 ( b). 
CALCULATED N-DISTRIBUTION MOMENTS FOR MEASURED 
SCATTERING DATA TAKEN AT 30° BISTATIC ANGLE 
GENERALIZED N-DISTRIBU'rION MOMENTS 
MOMENT 2 = 1.8140 
= 0.0000+00 R = 30.000-03 
MOMENT 3.= 4.6743+00 MOMENT 3. = 5.3375+00 
MOMENT 4.= 16.150+00 MOMENT 4.= 20.128+00 
MOMENT 5.= 68.908+00 MOMENT 5.= 94.320+00 
MOMENT 6.= 350.01+00 MOMENT 6.= 528.30+00 
MOMENT 7.= 2.0623+03 MOMENT 7.= 3.4424+03 
R = 10.000-03 R = 40.000-03 
MOMENT 3.= 4.9013+00 MOMENT 3. = 5.5563+00 
MOMENT 4.= 17.471+00 MOMENT 4.= 21. 505+00 
MOMENT 5.= 77.084+00 MOMENT 5.= 103.59+00 
MOMENT 6.= 405.50+00 MOMENT 6.= 597.08+00 
MOMENT 7.= 2.4773+03 MOMENT 7.= 4.0062+03 
R = 20.000-03 R = 50.000-03 
MOMENT 3.= 5.1286+00 MOMENT 3.= 5.7729+00 
MOMENT 4.= 18.828+00 MOMENT 4. = 22.898+00 
MOMENT 5.= 85.731+00 MOMENT 5. = 113.20+00 
MOMENT 6. = 466.04+00 MOMENT 6.= 670.18+00 
MOMENT 7. = 2.9449+03 MOMENT 7.= 4.6214+03 
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TABLE 5 ( c) • 
CALCULATED N-DISTRIBUTION MOMENTS FOR MEASURED 
SCATTERING DATA TAKEN AT 60° BISTATIC ANGLE 
GENERALIZED N-DISTRIBUTION MOMENTS 
MOMENT 2 = 1. 79 20 
= 0.0000+00 R = 30.000-03 
MOMENT 3.:::::: 4.5410+00 MOMENT 3.= 5.2041+00 
MOMENT 4.:::::: 15.387+00 MOMENT 4 -. 19.278+00 
MOMENT 5 -. 64.296+00 MOMENT 5 -. 88.620+00 
MOMENT 6.= 319.49+00 MOMENT 6 -. 486.46+00 
MOMENT 7 -. 1.8403+03 MOMENT 7. = 3.1044+03 
= 10.000-03 R = 40.000-03 
MOMENT 3 -. 4.7621+00 MOMENT 3.= 5.4002+00 
MOMENT 4.= 16.651+00 MOMENT 4.= 20.516+00 
MOMENT 5 .. = 71.968+00 MOMENT 5 .= 96.881+00 
MOMENT 6 -. 370.49+00 MOMENT 6.= 546.93+00 
MOMENT 7.= 2.2134+03 MOr;.IBNT 7.= 3.5921+03 
= 20.000-03 R = 50.000-03 
MOMENT 3. = 4.9833+00 MOMENT 3.= 5.6112+00 
MOMENT 4.= 17.950+00 MOMENT 4 -. 21.850+00 
MO MB NT 5 -. 80.086+00 MOMENT 5 -. 105.92+00 
MOMENT 6 -. 426.18+00 MOMENT 6 -. 614.33+00 
MOMENT 7 -. 2.6344+03 MOMENT 7 -. 4.1479+03 
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CHAPTER 4 
CONCLUSIONS AND RECOMMENDATIONS 
The results of this research project indicate that 
microwave scattering from a conductive rough surface can be 
modeled by using a gamma function based probability distrib-
ution function. The integrated gamma distribution was found 
to accurately predict the statistics of scattering that was 
measured in this experiment. This correlation between meas-
ured and predicted statistics can be partially explained in 
physical terms since the microwave antenna measurements were 
effectively integrated intensity measurements because of the 
beamwidth of the antenna. In order to fully understand the 
process that is occurring, it would be necessary to derive a 
mathematical model that is based on the scattering geometry 
and detection processes that were used here. The work that 
Jakeman et al have produced in the area of rough surface 
scattering is a good foundation for further work that can be 
done in this particular area of interest. Recommendations 
for future work in this area are as follows: 
1) Make additional measurements with the surface and 
equipment that were used for this project with em-
phasis on reducing the RF background and building a 
larger database of reliable measurements. 
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2} Develop a surface scattering model that allows 
measured surface roughness characteristics to be 
incorporated into the statistical model. A possi-
ble approach that could be taken is to develop a 
physical optics model for scattering from a faceted 
surface that takes shadowing, multipath and edge 
diffraction into account. 
3) Develop a detection process model that incorporates 
the physical and mathematical properties of the 
system that was used for this project. Even though 
it was found that good agreement could be obtained 
by using an integrated gamma distribution, there 
was a lack of similarity between the derivation of 
the integrated gamma model and the characteristics 
of the system that was used for this project. 
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APPENDIX I 
Arnplif ier Design 
The amplifier that was designed for this research proj-
ect provides high gain and low noise characteristics. Fig-
ure 25 shows the circuit that was used. This circuit was 
enclosed in an aluminum chassis box and used a 9 volt bat-
tery power supply so that the amplification process was to-
tally isolated from environmental noise. Figure 26 shows 
this amplifier module. 
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APPENDIX II 
Stochastic Model Calculator Programs 
This appendix contains programs for the Hewlett Packard 
41CV calculator that was used to calculate moments for the 
stochastic models that were used for this project. 
01+LBL "IHGRMOM~ 
02 ·PROGRA" IHGAHOM· 
0'7 • " .... 
04 ·THIS PROGRHM· 
05 ·CALCULATE~ u 
06 ·"O"EHTS FOR THE· 
07 ·IHTEGRATED • 
08 ·GA"MA • 
09 ·DISTRIBUTIOH· 
10 .. u 
1 "EHTER h2" 
12 PRu"PT 
13 
14 -
lS IX 
16 STC 3 
17 XEQ •Gfi"l'IW 
18 liX 
19 ST 16 
20+ B H 
21 ·EHTER M HO.· 
22 PROl'f PT 
23 ST l<t 
24•LB a 
25 RC 14 
26 RC 13 
27 + 
28 'EQ ·GA'1Hli 
29 R 16 
30 * 
31 EHTERt 
32 EHTERt 
33 RCL 13 
34 RCL 14 
35 CHS 
36 YtX 
37 * 
38 STOP 
39 GTO A 
40 EHD 
01 +LBL "KMOW 
02 "PROGRA" K"OM· 
03 .. u 
04 ·THIS PROGRAM " 
05 ·CALCULATES " 
06 ·"O"EHTS FOR THE~ 
07 ·K-DISTRIBUTIOH~ 
08 ·EHTER Ml" 
09 PRm'IPT 
10 STO i6 
11 ·EHTER '12" 
12 PROl'IPT 
14 -
15 llX 
16 CHS 
17 2 
iB * 
19 :;TO 13 
20 4 
21 * 
22 RCL 16 
24 SQRT 
25 li~: 
26 2 
27 * 
28 STO 16 
29+LBL A 
30 ·EHTER f1 HO. " 
31 PRO"PT 
32 STO 14 
33 RCL 13 
34 + 
35 XEQ ·GA"f1A· 
36 STO 15 
37 RCL i3 
38 ;~EQ ·GR"HH· 
39 RCL 15 
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40 i 
41 l!X 
42 EHTERt 
43 RCL 14 
44 mer 
45 * 
46 EHTERt 
47 RCL 16 
48 EHTERt 
49 RCL 14 
50 2 
51 * 
52 YtX 
53 .. 
54 ~TOP 
55 GTO R 
56 EHD 
01•LBL ·GHMOM" 
02 ·PROGRAM CHHOM· 
03 • • 
04 ·THIS PROGRAM· 
05 ·CALCULATES" 
06 ·"O"EHTS FOR THE· 
07 ·GEHERALIZED-H· 
08 ·DISTRIBUTION= 
09 .. " 
10 "G00 2 
11 1. 84 
12 STO 30 
13 ·c30 2 
14 1.214 
15 STO 31 
16 "G60" 
1? 1. 792 
lS STO 32 
19 30.03201 
20 srn 21 
21+LBL H 
22 ADV 
23 HDV 
24 ·GEHERALIZEn u 
25 iWIEW 
26 ·H-DISTRIBUTIOH· 
27 A~1 IEW 
28 ·~Ot1EHTS " 
29 IWIEW 
30 RCL IHI! 23 
31 STO 18 
32 ""O"EHT 2 =· 
33 H~1 IEW 
34 RCL 1B 
35 PRX 
36 0 
37 STO 19 
38 3 
39 STO 15 
40 • 05010 
41 STO 22 
42+LBL b 
43 RCL 22 
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44 IHT 
45 1000 
46 I 
47 1 E-30 
48 + 
49 STO 13 
50 ~DV 
51 "R =" 
52 ACR 
53 RCL 13 
54 1 E-30 
55 -
56 ACX 
57 PRBUF 
58 RC 13 
59 1 
60 + 
61 Xt.: 
62 RC 18 
63 * 
64 RCL 3 
65 Xt:: 
66 -
67 EH ER .. 
68 RC 13 
6 Xt~ 
70 l 
71 
72 
n+ 
74 / 
75 1 
76 -
7 IX 
78 STO 4 
79 3.0070 
80 STO 24 
81 +LB a 
82 RCL 24 
83 IHT 
84 STO 15 
85 RC 14 
86 RCL 13 
87 * 
88 RCL 14 
89 + 
90 RCL 15 
91 YtX 
92 liX 
93 STO 16 
94 RCL 15 
95 .001 
% * 
97 .00001 
98 + 
99 STO 20 
100+LBL c 
101 RCL 20 
102 IHT 
103 STO 21 
104 FACT 
105 l!X 
106 STO 17 
107 RCL 15 
102 mer 
109 SH 17 
110 RCL 15 
111 RCL 21 
112 -
113 FACT 
114 STi 17 
115 RCL 14 
116 RCL 15 
117 + 
11 S XEQ • GHMHH" 
119 Sh 17 
120 RCL 14 
121 RCL 21 
122 + 
123 XEQ ·GA"HHa 
124 ST/ 17 
125 RCL 14 
126 RCL 13 
127 * 
128 RCL 21 
129 T'tX 
130 ST* 17 
131 RCL 17 
132 RCL 16 
133 * 
134 ST+ 19 
135 ISG 20 
136 GTO c 
137 • l'tOMEHTU 
138 ACH 
139 FIX 0 
140 RCL 15 
141 HCX 
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142 "=" 
143 Rell 
144 ENG 4 
145 RCL 1'3 
146 ACX 
147 PRBUF 
148 0 
149 STD 19 
150 ISG 24 
151 GTO a 
152•LBL e 
153 ISG 2i:. 
154 GTO o 
155 JG 23 
156 1.iTO ~ 
157 EHD 
01•LBL "GAHHA· 
02 ·PROGRA" GA"~A· 
03 • .. 
04 ·THIS PROGRAM· 
05 ·CALCIJUHES " 
06 ·VALUES OF THE· 
07 ·GA""A FUNCTIONn 
08 ·FOR ARBITRARY· 
09 ·ARGUl'IEHTS· 
10 " c 
11 SF 00 
12 STO 11 
13 STO 10 
14 2.1 
15 X< =Y? 
16 GTO a 
17 RCL 11 
18 1 
19 X>Y? 
20 CF 00 
21 FS? 00 
22 GTO H 
23 1 
24 ST+ 11 
2S•LBL H 
26 Rt.:L 11 
27 1 
28 -
29 STO 10 
30 1 
31 STO 11 
32 RCL 10 
33 - .57710166 
34 * 
35 ST+ 11 
36 RCL 10 
37 2 
38 YtX 
39 .98585399 
40 * 
41 ST+ i1 
42 RCL 10 
43 3 
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44 YtX 
45 -. 87642182 
46 * 
47 ST+ 11 
48 RCL 10 
49 4 
50 YtX 
51 .37 282120 
52 * 
53 ST+ 11 
54 RCL 10 
55 5 
56 TtX 
57 -.56847290 
58 * 
59 ST+ 11 
60 RCL 10 
61 6 
62 YtX 
63 .25482049 
64 * 
65 ST+ 11 
66 RC 10 
67 7 
68 Yt>: 
69 -.0514993 
70 * 
71 ST+ 11 
72 Re 11 
73 FS? 00 
74 G 0 b 
75 RCL 10 
76 I 
77 b 0 b 
78+LBL a 
79 RCL 11 
80 EHTERt 
81 EHTER1 
82 .5 
83 -
84 Yt:~ 
SS RCL 11 
86 CHS 
87 EtX 
88 * 
89 EHTERt 
90 2 
91 EHTERt 
92 PI 
93 * 
94 SQRT 
95 * 
96+LBL b 
97 Rm 
98 EHD 
70 
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